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Abstract

While classical kernel-based learning algorithms are based single
kernel, in practice it is often desirable to use multipleriats. Lankriet
et al. (2004) considered conic combinations of kernel roasrfor classi-
fication, leading to a convex quadratically constraint qatid program.
We show that it can be rewritten as a semi-infinite linear moythat
can be efficiently solved by recycling the standard SVM imptata-
tions. Moreover, we generalize the formulation and our wetto a
larger class of problems, including regression and onssatéassifica-
tion. Experimental results show that the proposed algworittelps for
automatic model selection, improving the interpretapitif the learn-
ing result and works for hundred thousands of examples odredis of
kernels to be combined.

1 Introduction

Kernel based methods such as Support Vector Machines (SWd®) proven to be pow-
erful for a wide range of different data analysis problemiseyfemploy a so-called kernel
functionk(x;, x;) which intuitively computes the similarity between two exalesx; and

x;. The result of SVM learning is e-weighted linear combination of kernel elements and

the biash: N
f(x) = sign (Z oiyik(xi, x) + b) ) @)

i=1
where thex;’s are N labeled training exampleg{ € {£1}).

Recent developments in the literature on the SVM and othergkenethods have shown
the need to consider multiple kernels. This provides fldixjbiand also reflects the fact
that typical learning problems often involve multiple, éretgeneous data sources. While
this so-called “multiple kernel learning” (MKL) problem igan principle be solved via
cross-validation, several recent papers have focused om efficient methods for multiple
kernel learning [4, 5,1, 7, 3, 9, 2].

One of the problems with kernel methods compared to othéntgaes is that the resulting
decision function (1) is hard to interpret and, hence, iféadift to use in order to extract rel-

*For more details, datasets and pseudocodehség: / / ww. f ml . t uebi ngen. npg. de
/ raet sch/ projects/nkl silp.



evant knowledge about the problem at hand. One can approiagiroblem by considering

convex combinations ok kernels, i.e. X

k(xi%5) = D Bike(xi,%;) )
k=1

with 3, > 0 and)_, 5, = 1, where each kerndt;, uses only a distinct set of features
of each instance. For appropriately designed sub-keiqglshe optimized combination
coefficients can then be used to understand which featurée axamples are of impor-
tance for discrimination: if one would be able to obtain acuaate classification by a
sparseweighting S, then one can quite easily interpret the resulting decisioation. We
will illustrate that the considered MKL formulation prowd useful insights and is at the
same time is very efficient. This is an important propertysinig in current kernel based
algorithms.

We consider the framework proposed by [7], which results éorvex optimization prob-
lem - a quadratically-constrained quadratic program (QC@Ris problem is more chal-
lenging than the standard SVM QP, but it can in principle Heesbby general-purpose
optimization toolboxes. Since the use of such algorithnkamily be feasible for small
problems with few data points and kernels, [1] suggestedguorithm based on sequential
minimization optimization (SMO) [10]. While the kernel l@émng problem is convex, it
is also non-smooth, making the direct application of siniptal descent algorithms such
as SMO infeasible. [1] therefore considered a smoothedorers the problem to which
SMO can be applied.

In this work we follow a different direction: We reformulatee problem as a semi-infinite
linear program (SILP), which can be efficiently solved usamgpff-the-shelf LP solver and
a standard SVM implementation (cf. Section 2 for detailsking this approach we are
able to solve problems with more than hundred thousand elesropwith several hundred
kernels quite efficiently. We have used it for the analysisefuence analysis problems
leading to a better understanding of the biological prob&rhand [16, 13]. We extend
our previous work and show that the transformation to a Sllofke/with a large class of
convex loss functions (cf. Section 3). Our column-generabiased algorithm for solving
the SILP works by repeatedly using an algorithm that canieffity solve the single kernel
problem in order to solve the MKL problem. Hence, if theresexian algorithm that solves
the simpler problem efficiently (like SVMs), then our new@ighm can efficiently solve
the multiple kernel learning problem.

We conclude the paper by illustrating the usefulness of tgordhms in several examples
relating to the interpretation of results and to automaiidet selection.

2 Multiple Kernel Learning for Classification using SILP

In the Multiple Kernel Learning (MKL) problem for binary daification one is givev
data pointgx;, v;) (; € {+1}), wherex; is translated via a mapping (x) — R+ k =
1... K from the input intoK feature space§®;(x;),...,Px(x;)) where D, denotes
the dimensionality of thé-th feature space. Then one solves the following optinorati
problem [1], which is equivalent to the linear SVM fé&r = 1:1

A 2 N
min 3 (; ﬂk||Wk||2> + C;& 3

wi €ERPE EERY BERK bER

K K
S.t. Ys (Z ﬁkw,;r@c(xi) + b) >1-¢ and Zﬁk =1.

k=1 k=1

1] used a slightly different but equivalent (assumimgk) = 1, k = 1,..., K) formulation
without the3'’s, which we introduced for illustration.



Note that the/;-norm of 3 is constrained to one, while one is penalizing thenorm of
wy, in each blockk separately. The idea is th&t-norm constrained or penalized variables
tend to have sparse optimal solutions, whiijenorm penalized variables do not [11]. Thus
the above optimization problem offers the possibility talfsparse solutions on the block
level with non-sparse solutions within the blocks.

Bach et al. [1] derived the dual for problem (3), WhICh can feiealently written as:

min v st Z o 05y Y ke (%4, %) Zaz <~ andZalyl =0 (4

N
'yER,lCZaER+ =1

=:Sk(a)
fork=1,..., K,whereky(x;,x;) = (®r(x;), Pr(x;)). Note that we have one quadratic
constraint per kernelS(k( ) < 7). Inthe case o = 1, the above problem reduces to the
original SVM dual.

In order to solve (4), one may solve the following saddle ppieblem (Lagrangian):
K

Li=7+> Br(Sk(a)—7) ()
minimized w.rt.a € Rf,w € R (subject toa < C1 and)_, a;y; = 0) and maximized
w.r.t. 3 € RE. Setting the derivative w.r.t. tpto zero, one obtains the constrajit, 5, =

1 and (5) simplifies toL = S(a, 8) := ZkK:I BrSk(a) and leads to a min-max problem:

K N K
max min Z BrSk(a) s.t. Z a;y; = 0and Z Br = 1. (6)
k=1 i=1 k=1

k N
BER 1C>aeRY

Assumea™ would be the optimal solution, theit := S(a*,3) is minimal and, hence,
S(a, B) > 6* for all  (subject to the above constraints). Hence, finding a safuilet-of
(5) is equivalent to solving the following semi-infinite &ar program:

K

max 0 s.t. . =1and Sk(a) >0 7
pere Xk:ﬂk ];ﬂk K(a) 2 )

forall a with 0 < oo < C1and » yia; =0

i

Note that this is a linear program, dsand 3 are only linearly constrained. However
there are infinitely many constraints: one for eache R satisfyingd < o« < C and
Zf;l azy; = 0. Both problems (6) and (7) have the same solution. To ilktstthat,
considerg is fixed and we maximizex in (6). Leta* be the solution that maximizes (6).
Then we can decrease the valugjah (7) as long as nax-constraint (7) is violated, i.e.
down tof = Zle BrSk(a™). Similarly, as we increasgfor a fixeda the maximizing3
is found. We will discuss in Section 4 how to solve such seffmite linear programs.

3 Multiple Kernel Learning with General Cost Functions

In this section we consider the more general class of MKL lgmols, where one is given
anarbitrary strictly convex differentiable loss function, for which werive its MKL SILP
formulation. We will then investigate in this general MKLL# using different loss func-
tions, in particular the soft-margin loss, thénsensitive loss and the quadratic loss.

We define the MKL primal formulation for a strictly convex adifferentiable loss function
L as: (for simplicity we omit a bias term)

2y .
min = <Z Wk||> +ZL(f(xi),yi) t. Z B (%), @)
i=1 k=1

wi,ERPE 2



In analogy to [1] we treat problem (8) as a second order cormgram (SOCP)
leading to the following dual (see Supplementary Website [DF] for details):

N N
min v = L e yi),yi) + Y ol (e, i) 9)

R,a€RN
TER € i=1 i=1

s.t.: — HZOMI);C (xi)

To derive the SILP formulation we follow the same recipe aSeaation 2: deriving the La-
grangian leads to a max-min problem formulation to be e\alytueformulated to a SILP:

2
<y, Vk=1...K

K
max 6 st Zﬂk =1 and  Yr BeSi(a) >0, Vo € RV,

0ER,BERK

N 2

whereSy,(a) = — > L(L' ™ (o, i), i +Zo¢ZL’ Yo, u1)

i=1 i=1

Z azq)k Xz
2

We assumed thdt(x, y) is strictly convex and differentiable in. Unfortunately, the soft
margin ande-insensitive loss do not have these properties. We therefonsider them
separately in the sequel.

Soft Margin Loss We use the following loss in order to approximate the softgimar

loss: L, (z,y) = € log(1 + exp((1 — zy)o)). Itis easy to verify thalim, . L, (z,y) =

C(1—=xy)+. Moreover,L, is strictly convex and differentiable fer < co. Using this loss

and assuming; € {+1}, we obtain :
N

Si() = —Zg (log (%) +1og< - +Cy ))+Zalyz

i=1 2
If 0 — oo, then the first two terms vanish provided thaf’ < o; < O |f y; = 1 and
0 < a; < Cify; = —1. Substitutingy = —&,y;, we then obtairby, (&) = —Zl 1+

2
z Hzij\il a9 Pk (%) ) with0 < a&; < C (i = 1,...,N), which is very similar to (4):
only the . c;;y; = 0 constraint is missing, since we omitted the bias.

One-Class Soft Margin Loss The one-class SVM soft margin (e.g.[15) is very similar
to the two class case and leadsSido) = HZ 0 Pp(x;) subject to <a < 11
andZ oy =1

e-insensitive Loss Using the same technique for the epsilon insensitive Iassy) =
C(1— |z —yl|)+, we obtain
1 N

2 N N

Shlen ) = 3 |3 e — @) =3 (e oi)e =3 (o iy
1= 2 1= 1=
with 0 < a, a* < C1. When including a bias term, we additionally have the coirgtra

Sii(ai — o)y = 0.

Itis straightforward to derive the dual problem for othesddunctions such as the quadratic
loss. Note that the dual SILP’s only differ in the definitioh$), and the domains of the
a’s.

4 Algorithms to solve SILPs

The SILPs considered in this work all have the following form

max 6 st Y, B=1 and ., GiSi(a)>6forallacC (10)

M
9cR, BeRY




for some appropriat§y (c) and the feasible s&t C RV of a depending on the choice of
the cost function. Using Theorem 5 in [12] one can show thaathove SILP has a solution

if the corresponding primal is feasible and bounded. Moeeawhere is no duality gap, if
M = co{[S1(ev),...,Sk(a)]" | & € C}is a closed set. For all loss functions considered
in this paper this holds true. We propose to use a technidgleddaolumn Generation to
solve (10). The basic idea is to compute the optifald) in (10) for a restricted subset of
constraints. It is called thesstricted master problemrhen a second algorithm generates
a new constraint determined lay. In the best case the other algorithm finds the constraint
that maximizes the constraint violation for the given imiediate solutiori3, 9), i.e.

ag = argnéin Z Ok Sk(a). (12)
ac k

If ag satisfies the constrairEkK:1 BrSk(ag) > 6, then the solution is optimal. Other-
wise, the constraint is added to the set of constraints.

Algorithm 1 is a special case of the set of SILP algorithmswmasexchange methods
These methods are known to converge (cf. Theorem 7.2 inlfgjjvever, no convergence
rates for such algorithm are so far knoince it is often sufficient to obtain an approxi-
mate solution, we have to define a suitable convergenceioritéNote that the problem is
solved when all constraints are satisfied. Hence, it is aakthoice to use the normalized

K t t
maximal constraint violation as a convergence criteriog, i := ‘1 — w

)

where (3", 6") is the optimal solution at iteration— 1 anda! corresponds to the newly
found maximally violating constraint of the next iteration

We need an algorithm to identify unsatisfied constraintsctytortunately, turns out to be
particularly simple. Note that (11) is for all consideredeaexactly the dual optimization
problem of the single kernel case for fix@d For instance for binary classification, (11)
reduces to the standard SVM dual using the kekigl, x;) = >, Brki(x;,x;):
N N N

a“éﬁ{z‘v P ooy k(% x5) — ;ai with 0<a<Cland ;aiyi =0.
We can therefore use a standard SVM implementation in ooddentify the most violated
constraint. Since there exist a large number of efficienbritlyns to solve the single
kernel problems for all sorts of cost functions, we havedfae found an easy way to
extend their applicability to the problem of Multiple Kefrieearning. In some cases it
is possible to extend existing SMO based implementatiorssnaltaneously optimiz¢
anda. In [16] we have considered such an algorithm for the bindagsification case
that frequently recomputes thg#is.® Empirically it is a few times faster than the column
generation algorithm, but it is on the other hand much haanplement.

5 Experiments

In this section we will discuss toy examples for binary diffsation and regression, demon-
strating that MKL can recover information about the probleginhand, followed by a brief
review on problems for which MKL has been successfully used.

5.1 Classifications

In Figure 1 we consider a binary classification problem, whee used MKL-SVMs with
five RBF-kernels with different widths, to distinguish thark star-like shape from the

2|t has been shown that solving semi-infinite problems like (7), using acdetHated to boosting
(e.g. [8]) one requires at mo%t = O(log(M)/é?) iterations, wheré is the remaining constraint
violation and the constants may depend on the kernels and the numbemaplesN [11, 14]. At
least for not too small values éthis technique produces reasonably fast good approximate solutions.
3Simplex based LP solvers often offer the possibility to efficient restart¢ineputation when
adding only a few constraints.



Algorithm 1 The column generation algorithm employs a linear programgnsiolver to
iteratively solve the semi-infinite linear optimizatioroptem (10). The accuracy parameter
e is a parameter of the algorithndy (a) andC are determined by the cost function.
§0=1,0"=—00, B =5 fork=1,.... K
fort=1,2,...do

K K
Computea’ = argmin »  3;.Sk () by single kernel algorithm witl = 3} K

ael

K
S' =2 BiSu(a’)
k=1

k=1 k=1

t
if |1 — %| < e then break
(B, 0"1) = argmax 6
K K
wrt. B €RY, 0 € Rwith Y "B =1land) BSp >0forr=1,....¢

k=1 k=1
end for

light star. (The distance between the stars increases fefintol right.) Shown are the
obtained kernel weightings for the five kernels and the tesir evhich quickly drops to
zero as the problem becomes separable. Note that the RBEl kéth largest width was
not appropriate and thus never chosen. Also with increadistgince between the stars
kernels with greater widths are used. This illustrates ML one can indeed recover
such tendencies.

5.2 Regression

We applied the newly derived MKL support vector regressimmmulation, to the task of
learning a sine function using three RBF-kernels with défe widths. We then increased
the frequency of the sine wave. As can be seen in Figure 2, i8KLregression abruptly
switches to the width of the RBF-kernel fitting the regresgwoblem best. In another
regression experiment, we combined a linear function with $ine waves, one of lower
frequency and one of high frequency, i.g(x) = ¢z + sin(ax) + sin(bx). Using ten
RBF-kernels of different width (see Figure 3) we trained a IMBVR and display the
learned weights (a column in the figure). The largest satfiegtdth (100) models the linear
component (since RBF with large widths are effectively dineand the medium width (1)
corresponds to the lower frequency sine. We varied the &ecy of the high frequency
sine wave from low to high (left to right in the figure). One ebges that MKL determines

—— width 0.01
= = width 0.1
= width 1
width 10
width 100
O testerror

~
~

Figure 1: A 2-class toy problem where the dark grey stardikape is to be distinguished
from the light grey star inside of the dark grey star. For dietee text.



L

Figure 2: MKL-Support Vector Regression for the task of héag a sine wave (please see
text for details).

an appropriate combination of kernels of low and high widthisile decreasing the RBF-
kernel width with increased frequency. This shows that MKn be more powerful than
cross-validation: To achieve a similar result with croaidation one has to use 3 nested
loops to tune 3 RBF-kernel sigmas, e.g. treing-8/6 = 120 SVMs, which in preliminary
experiments was much slower then using MKL (800 vs. 56 sexjond
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2 4 6 8 10 12 14 16 18 20
frequency

Figure 3: MKL support vector regression on a linear comliamabf three functions:
f(z) = ¢z + sin(az) + sin(bz). MKL recovers that the original function is a com-
bination of functions of low and high complexity. For mordalks see text.

5.3 Applications in the Real World

MKL has been successfully used on real-world datasets ifiglteof computational biol-
ogy [7, 16]. It was shown to improve classification perforweion the task of ribosomal
and membrane protein prediction, where a weighting ovderdifit kernels each corre-
sponding to a different feature set was learned. Randomnetembtained low kernel
weights. Moreover, on a splice site recognition task we 04Kt as a tool for interpreting
the SVM classifier [16], as is displayed in Figure 4. Usingcsfieally optimized string
kernels, we were able to solve the classification MKL SILPfdr= 1.000.000 examples
and K = 20 kernels, as well as faV = 10.000 examples and{ = 550 kernels.
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—50 —ao —30 —=20 —10 Exon +10 +20 +30 +4a0 +50
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o

Figure 4: The figure shows an importance weighting for eaditipo in a DNA sequence

(around a so called splice site). MKL was used to learn thesghts, each corresponding
to a sub-kernel which uses information at that position saidininate true splice sites from
fake ones. Different peaks correspond to different biaally known signals (see [16] for

details). We used 65.000 examples for training with 54 settmdls.



6 Conclusion

We have proposed a simple, yet efficient algorithm to soleenttultiple kernel learning

problem for a large class of loss functions. The proposedaotkis able to exploit the

existing single kernel algorithms, whereby extendingrthpplicability. In experiments we
have illustrated that the MKL for classification and regi@ssan be useful for automatic
model selection and for obtaining comprehensible inforomeéibout the learning problem
at hand. It is future work to evaluate MKL algorithms for upswised learning such as
Kernel PCA and one-class classification.
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